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Abstract. In this work we obtain presentations of fundamental groups of the 
complements of three families of quadric arrangements in P 2 . The first arrange- 
ment is a union of n quadrics, which are tangent to each other at two common 
points. The second arrangement is composed of n quadrics which are tangent 
to each other at one common point. The third arrangement is composed of n 
quadrics, n — 1 of them are tangent to the n'th one and each one of the n — 1 
quadrics is transversal to the other n — 2 ones. 

I. Introduction 

The aim of the present article is the computation of the fundamental groups to 
complements of some quadric arrangements in P 2 . Recall that given a quadric-line 
arrangement in P 2 , we are interested in computing the fundamental group of its 
complement. The present paper is devoted to the computation of the fundamental 
groups related to three infinite families of quadric arrangements. The three types 
of interesting families of quadric curves in this paper are as follows. The first 
arrangement is a union of n quadrics, which are tangent to each other at two 
common points (Figure [2]). The second arrangement is composed of n quadrics 
which are tangent to each other at one common point (Figure The third 
arrangement is composed again of n quadrics, n — 1 of them are tangent to the 
n'th one and each one of the n — 1 quadrics is transversal to the other n — 2 ones 
(Figure Hj). 

Some work has been done concerning line arrangements (see e.g. [7j, [H], |15j). 
and other progress has been done also concerning quadric-line arrangements (see 
[U, 0, and 0). 

Let C C P 2 be a plane curve and * e P 2 \C a base point. By abuse of notation, we 
will call the group 7r 1 (P 2 \C, *) the fundamental group of C, and we shall frequently 
omit base points and write 7r 1 (P 2 \C). One is interested in the group 7r 1 (P 2 \C) 
mainly for two reasons. First, when the curve appears to be a branch curve, then 
7r 1 (P 2 \C) is an important invariant, concerning either the branch curve or the 
surface itself. Secondly, 7Ti(P 2 \C) contributes to the study of the Galois coverings 
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X — > P 2 branched along C. Many interesting surfaces have been constructed 
as branched Galois coverings of the plane. One example is the arrangement A3 
(shown in Figure [U below), which has Galois coverings X — > P 2 branched along 
it; X ~ P 1 x P 1 , or X is either an abelian surface, a K3 surface, or a quotient of 
the two-ball B2 (see [9], [17], [19]). Moreover, some line arrangements defined by 
unitary reflection groups studied in [13] are related to A3 via orbifold coverings. 
For example, if £ is the line arrangement given by the equation 



then the image of C under the branched covering map [x : y : z] G P 2 — > [x 2 : y 2 : 
z 2 } G P 2 is the arrangement .A3, see (TTJ for details. 



We use the algorithm of Moishezon-Teicher [12] in order to compute the braid 
monodromy of each one of the arrangements. Then we use the van Kampen Theo- 
rem [18] in order to get the presentations of the complements of the arrangements 
in CP 2 . 

This paper is divided into four parts. In Section [21 we quote basic definitions 
and an alternative way for computing quadric arrangements, by defining them as 
birational to line arrangements or as their coverings. In Section [31 we quote the 
results of this work (Theorems [5j U\ E]). In Sections HI [5] and El we prove these 
theorems. 

2. Quadric arrangements related to line arrangements 

2.1. Meridians. Let C C X be a curve in a smooth complex surface X and p G C. 
A meridian p of C at p, based on a point * G P 2 \C is a loop in P 2 \C obtained by 
following a path u with uj(0) = * and ou(l) belonging to a small neighborhood of 
p, turning around C in the positive sense along the boundary of a small disc A, 
having with C a single intersection at p, and then turning back to * along u. If 
B C C is an irreducible component, a meridian p p of C at a point p G S\Sing(C) 
will be called a meridian of B. It is well-known that (homotopy classes of) any 
two meridians of B are conjugate elements in tti(X\C, *) (see e.g. [TQl Section 
7.5]). When p is a singular point of C, we have the following result. 

Lemma 1. Let p G C be a singular point, p p a meridian of C at p, and let 
o : Y — > P 2 be the blow-up of X at p. Denote by C the proper transform of C and 
by P the exceptional divisor. Then o~(p p ) is a meridian of P. In particular, any 
two meridians of C at p are conjugate elements of Ti\{X\C) ~ 7r 1 (y\(C UP)). 



xyz{x + y + z)(x + y — z)(x — y + z)(x — y — z) = 0, 




Figure 1. The arrangement ^4 3 
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Proof. The spaces Y\(C U P) and X\C are homeomorphic. By definition, fi p = 
uj ■ OA ■ uj' 1 , where A is a disc, having an intersection with C at p, implying that 
the disc 0(A) intersects P transversally and away from C. In other words, the 
loop cr(yu) is a meridian of P. □ 

The group 7Ti(X\C) is an invariant of the pair (P 2 , C). Since meridians are well- 
defined up to a conjugacy class, they can be considered as supplementary invariants 
of 7Ti(X\C). What follows is a description of how to capture the meridians at 
singular points of C, during the computation of the group 7r 1 (X\C) by the van 
Kampen Theorem. 

Lemma 2. Let C C P 2 be a curve, L a line in general position with respect 
to C and let * G L \C be a base point. Let p be a singular point of C . We 
assume that L passes through a sufficiently small ball V around p, so that the disc 
A := L nV meets all branches of C meeting at p. Take a path uj in L connecting 
* to a boundary point q of A. Then /io := uj-OA-uj' 1 is a homotopic to a meridian 
of C at p. 

Proof. Let L\ be the line through * and p. Consider the projection cf) : P 2 —>■ P 1 
from the point * and with <P(Lq) = a, 0(Li) = b and take a path 7 C </>(V) with 
7(0) = a and 7(1) = b. Put L t for the fiber above j(t). Let a C dV be a lift of the 
path 7 with cr(0) = q. Assume that a T is the loop a until r, i.e. with a T {t) := cr(rt) 
(t G [0, 1]). Put uj t := o T ■ uj and define /i T := u T ■ dA T ■ u' 1 , where A r := L T R V. 
Then M(t,r) := /i r (t) gives a homotopy between /i and and this latter loop 
is obviously a meridian of C at p. □ 

2.2. Quadric arrangements birational to line arrangements. Assume that 
A is a line arrangement, and let tp be the involution ip : [x : y : z] G P 2 — ► [1/x : 
1/y : 1/z] G P 2 . Suppose that the lines X, Y, Z are respectively given by the 
equations x = 0, y = and z = 0. If A is in general position with respect to 
X UY U Z , then ip(A) is an arrangement of smooth quadrics. In addition to those 
of A, this arrangement has three more singular points where all the irreducible 
components of ip(A) meet transversally. 

In this case, the group 7r 1 (P 2 \^(^4.)) can easily be found in terms of 7r 1 (P 2 \«4) 
as follows: Assuming A = U" =1 Lj, let 

(1) 7Ti(P 2 \^.) ~ (Hi, . . . , fJtnlv)! = ---=W ri 



/it . . . fi n = e) 



be a presentation obtained by an application of van Kampen, where /ij is a meridian 
of Lj. Put A' := A U X U Y U Z . Since A is in general position with respect to 
X U Y U Z, one has by [7j 



(2) 7n(PV) 



A*l ? • • • > H"ni 
01, 02, 03 



{Hi, o-j] = [o-j, cr k ) = e (i G [1, n), j, k e [1, 3]) 
wi = ■ ■ ■ = w m = Hi . . . /i„aio- 2 03 = e 



where a - !, cr 2 , 0" 3 are, respectively, meridians of A, K and Z. Let p := X ClY, 
q = YnZ and r := ZdX. Then o"icr 2 (respectively, ^cra, 0-30*1) is a meridian of A' 
at p (respectively, g, r). Hence, the group 7r 1 (P 2 \?/;(^l)) can be obtained by setting 
eri<72 = 0"20"3 = 0301 = e in the presentation of 7r!(P 2 \^4). But these relations 
imply o := o\ = 02 = 03 and a 1 = e and since by the projective relation one has 
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. . ^nO~i°~2°~3 = e, it suffices to replace this latter relation by (/ii . . . /i n ) 2 = e. 
Hence 



.../in]=e(ie [l,n]) 



Since a is a central element of this group, this proves the following result. 

Theorem 3. For any arrangement of n lines A, there is an arrangement of n 
smooth quadrics B with a central extension 

-> Z/(2) -> 7r x (P 2 \B) -> 7r x (P 2 \^) -> 0. 

2.3. Quadric arrangements as coverings of line arrangements. Assume 
that A is a line arrangement, and let (f) be the branched covering <f> : [x : y : 
z] G P 2 — > [x 2 : y 2 : z 2 ] G P 2 . Suppose that the lines X, F, Z are respectively 
given by the equations x = 0, y = and 2 = 0. If A is in general position 
to X U Y - U Z, then is an arrangement of smooth quadrics. Above any 

singular point of A lie four singular points of <j)~ 1 (A) of the same type. In this 
case, the group 7Ti(P 2 \0 _1 (^4)) can easily be found in terms of 7T!(P 2 \^4) as fol- 
lows: Assuming A = U™ =1 Lj, one has a presentation ([T|). For the arrangement 
A' := A U X U Y U Z, the presentation (|2J) is valid. There is an exact sequence 

-> 7T 1 (P 2 \0- 1 (^ / )) -> ^(P 2 ^ 7 ) -> Z/(2) © Z/(2) -> 0. 

The group 7ri(P 2 \0 _1 (^4)) is the quotient 7Ti(P 2 \0~ 1 (^4. / )) by the subgroup gen- 
erated by the meridians of _1 (Y~) and 

3. Statements of results 

In this section we give in Theorems [51 [7| and [9] the presentations of the funda- 
mental groups of the three quadric arrangements in P 2 . We prove them in the 
forthcoming sections. For our computations, we need the following definition. 

Definition 4. A group G is said to be big if it contains a non-abelian free subgroup. 



3.1. The quadric arrangement A n . Let A n := Qi U • • • U Q n be a quadric 
arrangement, which is a union of n quadrics tangent to each other at two common 
points, see Figure 

Theorem 5. The fundamental group 7Ti(P 2 \^4 n ) of A n in P 2 admits the presenta- 
tion 

(3) 7Ti(P 2 V4 n ) ^(ai,a 2 , ■ ■ ■ ,a n \ {a 1 a 2 • • • a n ) 2 = e V 

where a\, . . . , a n are meridians of Qi, . . . , Q n , respectively. 

Corollary 6. The group 7Ti(P 2 \^4 n ) is abelian for n = 1 and big for n > 2. 
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tangency point 
branch point 
branch point 

branch point 



typical fiber F * 
Figure 2. The arrangement A Ti 




'n+l 



Figure 3. The arrangement B n 

3.2. The quadric arrangement B n . Let B n := Qi U • • • U Q n be a quadric 
arrangement, composed of n quadrics tangent to each other at one common point, 
see Figure [31 

Theorem 7. The group 7r 1 (P 2 \i3 ri ) admits the presentation 



(4) 



7Ti(P 2 \S n ) ~ ( 0,1,0,2,..., a n I {aia 2 ---a n f 



where a%, . . . , a n are meridians of Qi, . . . , Q n , respectively. 

Corollary 8. The group 7r 1 (P 2 \i3„) is abelian for n = 1 and big for n > 2. 
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3.3. The quadric arrangement C n . Let C n := Qi U • • • U Q n be a quadric ar- 
rangement, which is a union of n quadrics, n — 1 of them are tangent to the n'th 
one and each one of these n — 1 quadrics is transversal to the other n — 2, see 
Figure HI 



where ai, . . . ,a n are meridians of Qi, . . . , Qn; respectively. 

Corollary 10. The group 7Ti(P 2 \C n ) is abelian for n = 1 and big for n > 2. 



Take the following afhne quadric arrangement A n , which is composed of n 
quadrics tangent to each other at two points, see Figure [2j 

In order to find the fundamental group 7Ti(P 2 \^l n ), we need the algorithm of 
Moishezon-Teicher for the global braid monodromy. Consider the following setting 
(Figure [5]). S is an algebraic curve in C 2 , with p = deg(S'). Let n : C 2 — > C be a 
generic projection on the first coordinate. Define the fiber K(x) = {y \ (x, y) G S} 
in S over a fixed point x, projected to the y-axis. Define N = {x \ #K(x) < p} 
and M' = {s G S \ ii\ s is not etale at s}; note that ir(M') = N. Let {Aj} Q j=i be 
the set of points of M' and N = {xj}^ =1 their projection on the x-axis. Recall that 
7r is generic, so we assume that t^(7t _1 (x) D M') = 1 for every x G N. Let E (resp. 
D) be a closed disk on the x-axis (resp. the y-axis), such that M' C E x D and 




FIGURE 4. The arrangement C, 




4. Proof of Theorem [5] 
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N C lnt(E). We choose u G dE a real point far enough from the set N, x << u 
for every x G N. Define C u = 7r _1 (-u) and number the points of K = C u fl S as 
{!,..., p}. 



V 



N 

Figure 5. General setting 

We construct a g-base for the fundamental group 7Ti(E — N,u). Take a set of 
paths {7j}j =1 which connect u with the points {xj} Q j =1 of iV. Now encircle each Xj 
with a small oriented counterclockwise circle Cj. Denote the path segment from u 
to the boundary of this circle as 7J. We define an element (a loop) in the g-base as 

8j = ry'jCjj'J. Let B P [D, K] be the braid group, and let Hi, ... , H p _i be its frame 
(for complete definitions, see [ITj Section III. 2]). The braid monodromy of S [I] 
is a map (p : tti(E — N, u) — > B P [D,K] defined as follows: every loop in E — N 
starting at u has liftings to a system of p paths in (E — N) x D starting at each 
point of K = 1, . . . , p. Projecting them to D we get p paths in D defining a motion 
{1(£), . . . ,p(t)} (for < t < 1) of p points in D starting and ending at K. This 
motion defines a braid in B P [D, K\. By the Artin Theorem [12], for j = 1, . . . , q, 
there exists a halftwist Zj G B p [D,K] and ej G Z, such that (p(Sj) = Zj 3 , where 
Zj is a halftwist and ej = 1, 2 or 4 (for an ordinary branch point, a node, or a 
tangency point respectively). We explain now how to get this Zj. 

We explain how to get the braid monodromy around each singularity in S. Let 
Aj be a singularity in S and its projection by tc to the x-axis is Xj. We choose 
a point x'j next to Xj, such that 7r -1 (a^) is a typical fiber. We encircle Aj with 
a very small circle in a way that the typical fiber 7r~ l (x'j) intersects the circle in 
two points, say a, b. We fix a skeleton ^ which connects a and b, and denote 
it as < a, b >. The Lefschetz diffeomorphism \I> (see |TT]) allows us to get a 
resulting skeleton (^ x ')^ m the typical fiber C n . This one defines a motion of its 
two endpoints. This motion induces a halftwist Zj = A < (£ x >.)^ >■ As above, 
(f(Sj) = A < (£ x '.)^ > Ej - The braid monodromy factorization associated to S is 

K = n 

i=i 



Before proving Theorem we have to study the local monodromy around a 
common tangency point (of n quadrics) and the relation which is derived from this 
monodromy. This is done in the following propositions. 
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Proposition 11. Let O be a tangency point, as depicted in Figure® Let a\, 0,2, ■ ■ ■ , a. 
be n points, which are intersections of the n quadrics with a typical fiber. Then the 
local monodromy around O is a double fulltwist 0/01, a 2 , . . . , a n if O is one among 
two tangency points (see e.g. Figure^) or a quadruple fulltwist if it is a unique 
one (see e.g. Figure^). 

Proof. Consider O to be locally the tangency point of the quadrics y = x 2 , . . . , y = 
nx 2 . Take a loop x = e 2nlt in y = 0, starting (and ending) at some base point and 
encircling the point O, < t < 1. We have ax, a 2 , ■ ■ ■ , a n in a typical fiber next to 
the fiber F Q . 

When t is running from to 1/2, the point a\ is rotating around the other points 
in a fulltwist e 2nl , the point a 2 is rotating along a closed curve which bounds a 
disk, containing the trajectory of the point d, and so on. When t is running from 
1/2 to 1, we have the same motion. This gives us a double fulltwist of the points. 

In a case that O is a unique tangency point, we get a doubling of the monodromy 
according to the Bezout Theorem (see e.g. [8J). □ 

Proposition 12. If O is one among two tangency points, then we have the relation 
(a n • • • a 2 ai) 2 = (aia n ■ ■ ■ a 2 ) 2 = ■ ■ ■ = (a„„ia n _ 2 ■ ■ • ai^n) 2 , 

and if O is a unique tangency point, then we have the relation 

(a n ■ ■ ■ a 2 aiY = ( a i a n ' ' ' a 2) 4 = • • • = (a„_ia n _ 2 • • • aia„) 4 . 

Proof. Say that O is one among two tangency points. The monodromy is a double 
fulltwist, see Figured The resulting loops are denoted as cti, a 2 , . . . , o, n . 
By the van Kampen Theorem [18J, 

CL\ — CL n • • • Qj2d\Ci n • • • Q2O1O2 " " ' ^1 ^2 " ' " 0>n 

Qi 2 Ch n • • • 0j2O\aj n • • • Qj 2 Q>iCl2ttl ^ CL 2 ' " • CL n ^CL\ ^ CL 2 ' ' ' Ch n 



a n — a n ■ ■ ■ a\a n ■ ■ ■ a\a n ai ■ ■ ■ a n a\ ■ ■ ■ a n 
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Figure 7. The resulting loops 

which give us 

(a n ---ai) 2 = {aia n ■ ■ ■ a 2 ) 2 
(a n ---ai) 2 = (a 2 a 1 a n ■ ■ -a 3 ) 2 



(a n ---ai) = (a n _!a n _ 2 • • • aia„) . 
If O is a unique tangency point, it is clear that we get 

(a n ■ ■ ■ ai) 4 = (a\a n ■ ■ ■ g^) 4 = • • • = (a n -i a n-2 • • ■ Oia„) 4 . 

□ 

Proof of Theorem 0- 

We are interested in the group 7Ti(P 2 \^4 n ). We start with A\ (a smooth quadric), 
and it is easy to see that the group 7r 1 (P 2 \^4 1 ) is Z 2 . Let us consider the arrange- 
ment A 2 , see Figure El We want to compute the braid monodromy factorization 




1 

typical fiber 



Figure 8. The arrangement A 2 

of A 2 - Consider the above general setting (see Figure [5]). Let K = {1,2,3,4} and 
let {j}| = i be singular points of tti on the right side of the chosen typical fiber as 
follows: 1 is a tangency point, 2 and 3 are branch points of the quadrics. 

We are looking for <p(5j) for j = 1,2,3. So we choose a g-base {6j}^ =1 of 
7ii(E — N,u), such that each Sj is constructed from a path jj below the real line 
and a counterclockwise small circle around the points in N. 
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The diffeomorphisms which are induced from passing through branch points were 
i i 

defined in [12] as A| aR < k > and A J ' j < k >. We recall the precise definition from 
[12] . Consider a typical fiber on the left side of a branch point (locally defined by 
y 2 — x = 0). The typical fiber intersects the quadric in two complex points. Passing 
through this point, the two complex points move to the k'th place and rotate in a 
counterclockwise 90° twist. They become real and numbered as k, k + 1. 

Find first the skeleton £ x t. related to each singular point. Then compute the 
local diffeomorphisms Sj induced from singular points j. The monodromy table is: 

1 <3,4> 4 A 2 <3,4> 

2 <2,3> 1 A| 2R <2> 

3 <1,2> 1 A] 4h < 1 > 

Using [TJ], we compute the skeleton (^ x '.)^y. to each j by applying to the skeleton 
i 

£ x >, the product |~[ Si. 

i=j-l 

(C x 0%[ =< 3,4 >= z 3 4 
if (St) = Z* 4 

12 3 4 
• • • • 



m)V>r> 2 =< 2, 3 > A 2 < 3, 4 >= z 2 3 




(^ 8 )*y 3 =< 1, 2 > A| aM < 2 > A 2 < 3,4 >= 4 



On the left side of the typical fiber (Figure |SJ) we have three singularities and the 
related monodromy table is: 

1 <1,2> 4 A^<1,2> 

2 < 2, 3 > 1 AL < 2 > 



1 



3 <1,2> 1 A| 4 , 2 <1> 

And again by the Moishezon-Teicher algorithm [12] we have the following resulting 
braids: 

(£xi)*7i =< 1,2 >= z 1 2 

v(<Ji) = z l 2 
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12 3 4 
• • • • 



=< 2, 3 > a 2 < 1, 2 >= z fY 

tp{5 2 ) = Z 2 3 Z " * 




(Z^, =< 1, 2 > A| 2K < 2 > A 2 < 1, 2 >= z\ 
(p(5 3 ) = Zi 4 



According to the van Kampen Theorem [18] , we get the following set of relations 
for 7Ti(P 2 \.A 2 ): 

(34) 2 = (43) 2 

2 = 434- 1 
1 = 4 

(12) 2 = (21) 2 

3 = 2121~ 1 2~ 1 

4 = 32i2~ 1 3~ 1 

4321 = e (the projective relation). 

By an easy simplification, we get Tii(¥ 2 \A 2 ) — (0-1,02 Kaia.2) 2 = e). 

Now we consider the arrangement .A3. In a similar way as done for A2, we 
compute the relevant monodromy and we are able to find out that 7ii(F 2 \A3) ~ 
(ai,a 2 ,a 3 \{aia 2 a 3 ) 2 = e). 

In order to compute the group iri(F 2 \A n ) , we have to apply again the Moishezon- 
Teicher algorithm for the global monodromy. On each one of the sides of the typical 
fiber in Figure [2] we have one tangency point and n branch points. The relation 
related to a tangency point was proved in Proposition [T2J Since we have two 
tangency points in the arrangement, we have relations and fill I) . The relations 
relating to the right branch points are (J7|)- - ffTUl) . and the relations relating to the 
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left branch points are (fl2j) - - ([15]) : 

(6) (On+l«n+2 ' ' ' a 2n) 2 = ( a 2nO„+l • • • 0-2n-l) 2 = ' ' ' = ( a n+2 a n+3 ' ' ' ( 1 2n a n+l)^ 

(7) a n — 0>2n a 2n-l ' ' ' a n+2 a n+l a n +2 ' ' ' 2n-l°2n 

(8) CLn—1 = a 2n&2n-\ ' ' ' 0'n+30'n+20' n +3 ' ' " a 2n-l a 2n 

(9) O-n-2 — a 2n a 2n-l ' ' ' 0"n,+'l a >n+3 a > n +4 ' ' ' a 2n-l a 2n 

(10) ai = a 2 „ 

(11) (aia 2 • • ■ a n ) 2 = (a n ai ■ • • a„_i) 2 = ■ ■ ■ = (a 2 a 3 • • • a n ai) 2 

(12) a n +i = a nfln-i ' ' ' aia n a 1 1 • • • a n _ 1 a n 

(13) CJn+2 = a n+l a n ' ' ' GlOW-lO! 1 • • • a„ ^Qyj+l 

(14) 



(15) Q2n — a 2n-l a 2n— 2 * ' ' &2 a \&2 ' ' ' a 2n—2 a 2n-l 

(16) a2n02n-i a 2n-2 • • • Q2 a i = e (the projective relation).. 

We substitute relations ([7])- - fTDjl in relations ( |T2l) - -( |T5l) and get for each one of 
them one of the following equations: 

(a n+ ia n+ 2 ■ ■ ■ Cl2n) 2 = {&2n a n+l ' ' ' &2ri-l) 2 = ■ ■ • = (a n+2 CL n+3 ■ ■ ■ G^n^n+l) 2 ■ 

These equations appear already in Therefore relations (fT2l - - ({151) are redun- 
dant. 

Also relation (flT|) gets the same form of (Q, again by substituting relations ([7])- 
- (fTOl) . and therefore it is redundant too. 

By the same substitution, relation (fl6l) is rewritten as (a n+ ia„ +2 • ■ ■ a2„) 2 = e. 
Hence, we get the presentation ([3]), as needed. □ 

Proof of Corollary 0- 

We computed above the group ^(P^^)- This group is isomorphic to Z * Z 2 , 
which is known to be big. Since the group ^(P^^) is a quotient of TCi(F 2 \A n ) 
for n>2, the groups iii(P 2 \A n ) are big too. □ 

Remark 13. There is another way to prove that the groups 7r!(P 2 \^4 n ) are big (for 
n > 2). These groups are isomorphic to TU l ~ x * %2, which contain a non-abelian 
free subgroup. 



5. Proof of Theorem [7J 

The arrangement B n is depicted in Figure [3j We start with B\ (a smooth 
quadric), and it is easy to see that the group 7Ti(P 2 \,Bi) is Z 2 . Now we com- 
pute the braid monodromy factorization of the curve £>2- We follow Figure [HI Let 
7Ti : ExD — > Ebe the projection to E. Take u e dE, such that C u is a typical fiber 
and M E C u is a real point. Let K = K(M) = {1, 2, 3, 4}. Let {j}f =1 be singular 
points of 7i"i on the right side of the chosen typical fiber as follows: 1 is a tangency 
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typical fiber 



Figure 9. The arrangement B2 

point, 2 and 3 are branch points of the quadrics. Let iV = {x(j) — Xj | 1 < j < 3}, 
such that N G E — dE, N C E. We start with the monodromy table: 

1 <3,4> 8 A 4 <3,4> 

2 <2,3> 1 A| aR <2> 

3 <1,2> 1 A| 4/2 <1> 

By the algorithm from [T2], we compute the monodromies: 

C&O^Ti =< 3,4 >= z 3 4 
V {5 x )=Zl A 



m)%> =< 2,3 > a 4 < 3,4 >= 4%* 

1 2/3 
• »^ v • 

=< 1 2 > a| k < 2 > a 4 < 3, 4 >= zfY 




On the left side of the typical fiber in Figure [9] we have two branch points and the 
related monodromy table is: 

1 <2,3> 1 A| 2K <2> 

2 <1,2> 1 A], <1> 




14 



M. AMRAM, M. TEICHER 



And we have the following resulting braids: 

m)t> Yl =<2,3>=z 23 
<p(6i) = Z 2 3 

12 3 4 
• • • • 

(e^, =<1,2>a| m <2>= zfy 




The relations which are related to these braids are as follows: 

(34) 4 = (43) 4 

2 = 43434" 1 3" 1 4" 1 

1 = 4343" 1 4~ 1 

2 = 3 

1 = 3 _1 43 

4321 = e (the projective relation). 

By an easy simplification, we get 7r 1 (P 2 \i3 2 ) — (ai,a 2 \(aia 2 ) 2 = e). 

In a similar way, we obtain the group 7ri(P 2 \i3 3 ) ~ (ai, a 2 , a 3 \(aia 2 a 3 ) 2 = e). 

In order to compute the group 7ii(F 2 \B n ) , we have to apply again the Moishezon- 
Teicher algorithm for the global monodromy. On the right side of the typical fiber 
in Figure [3] we have one tangency point and n branch points. On the left side we 
have n branch points. The relations related to the right points are: 

(17) (a n+ ia n+2 ■ ■ ■ a 2n ) A = (a 2n a n+ i ■ ■ ■ a 2n _i) A = ■ ■ ■ = (a n +2 a n+3 4 ' ' 02n a n+i) 4 

(18) a n = a 2n a 2 n-l • - - a n+2 a n+l a 2n a 2n-l ' ' ' 0'n+2 a n+l a n \ 2 ' ' ' a 2n-l a 2n ' 

' a n+l a n+2 ' ' ' a 2n-l a 2n 

(19) a n-l — a 2n a 2n-l ' ' ' Ori+2 ( 3'n+l ( 3'2n a 2n-l ' ' ' a n+3 a n+2< l n+3 ' ' ' a 2n-l a 2n ' 

■a n+1 a n+2 ■ ■ ■ 0>2n-l a 2n 



(20) a,i — o, 2n <x 2n —i ■ ■ ■ a n -\- 2 (i n +i(i 2n (i ri j r i<i n 
and the relations related to the left points are: 

(21) a n = a n+1 
(22) 

a n-l — a n +l a n+2 a n+l 



1 „-l „-l „-l 



-2 ' ' ' a 2n-l a 2n i 



(23) ai — a n+1 a n+2 ■ ■ ■ a 2n _ 1 a 2n a 2n _ 1 ■ ■ ■ a n+2 a n+ i. 
The projective relation is: 

(24) a2„a2„_ia2n-2 • ■ ■ a2di = e. 
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We substitute relation (l2Tj) in relation ({18]) and get 

(<2n+l«2nfl2n-l " " " Cb n+2 ) 2 = (^n^n-l " " " 0>n+l) 2 ■ 

Substituting relation ( |22i) in relation ( 1T91) . we get 

(a n +1^2n a 2n-l ' ' ' &n+2) 2 = {.0'n+2 a n+lO'2n ' ' ' a n+z) 2 ■ 

Repeating this procedure, we get for each one of the substitutions (the last step is 
the substitution of (1231) in (120]) ) one of the following equations: 

(<3.2n«2n-l " " " «n+l) 2 = («n+l«2n ' " ' 0- n+2 ) 2 = • • • = («2n-l ' " " ttn+l^n) 2 ■ 

Therefore relation (|T7|) is redundant. 

The projective relation is rewritten as (a n+ ia n+2 ■ ■ ■ a2„) 2 = e (by the same 
substitutions). Hence we get the presentation (jlj). □ 

Proof of Corollary 0- 

The proof is the same one as in Corollary El □ 



6. Proof of Theorem 

Let C n be a quadric arrangement, composed of n quadrics as shown in Figure HI 
Each one of the quadrics Q 2) ■ ■ ■ , Q n is tangent to the quadric Qi at one tangency 
point and intersects each one of the other quadrics at four points. 

We start with the arrangement C%. The group ^(P^Ci) is again Z 2 . 

Let us consider now the arrangement C 2 from Figure [101 We want to compute 




FIGURE 10. The arrangement C 2 



the braid monodromy factorization of C 2 . Let 7Ti : E x D — > E be the projection 
to E. Take u G (9-E, such that C u is a typical fiber and M G C u is a real point. 
Let if = K(M) = {1,2,3,4}. Let {j} 2 =i be two branch points of tti on the right 
side of the chosen typical fiber. Their monodromy table and braids are: 



1 <2,3> 1 A| 2R <2> 

2 <1,2> 1 A|, <1> 
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=<2,3>=z 23 
ip(Sx) = Z 2 3 



12 3 4 
• • • • 



(e^)* l4 =<l,2>A) aR <2>= zf\ 
tp{8 2 ) = Z 1 / ? 3 




On the left side of the typical fiber we have 1 which is a tangency point, and 2, 3 
which are branch points. According to Proposition [12], since 1 is the unique tan- 
gency point, the monodromy related to it is a quadruple fulltwist. The monodromy 
table and resulting braids are: 



./ w <.i <\, 

1 <1,2> 8 A 4 <1,2> 

2 <2,3> 1 A| 2R <2> 

3 <1,2> 1 A| 4/2 <1> 
(^)^ 7 ( =<l,2>=z 12 

12 3 4 



=< 2 3 > A 4 < 1, 2 >= z Z 2 Y 
ip(S 2 ) = Z 2 3 Z * ^ 




-Z? 



m)*T> 3 =< 1, 2 > Aj aR < 2 > A 4 < 1, 2 >= z{\ 



ip(S 3 ) = zf\ 




The list of relations for the group 7Ti(F 2 \C 2 ) is 

2 = 3 
1 = 3^43 



(12) 4 = (21) 4 

3 = 21212r 1 2- 1 l" 1 2- 1 

3^43 = 21212" 1 r 1 2^ 1 

4321 = e (the projective relation). 
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By simplification, we get 7r 1 (P 2 \C 2 ) — (ai,a 2 |(ctia 2 ) 2 = e). 

The arrangement C 3 is depicted in Figure [TT1 Here K = K(M) = {1, 2, 3, 4, 5, 6}. 



typical fiber 




Figure 11. The arrangement C3 



On the right side of the chosen typical fiber there are four nodes and three branch 
points. The monodromy table and braids are: 



<p{8i) 


— ^3 4 


<p(6 2 ) 


— ^2 4 




- Z 3 5 




_ 72 zi 




= ^2 3 




= ^45 




= ■^16 



J 






e i 


1 


< 


3,4 > 


2 


2 


< 


2,3 > 


2 


3 


< 


4,5 > 


2 


4 


< 


3,4 > 


2 


5 


< 


4,5 > 


1 


6 


< 


2,3 > 


1 


7 


< 


1,2> 


1 




1 


2 





A < 3,4 > 
A < 2,3 > 
A < 4,5 > 
A < 3,4 > 



A 2 
A 2 
A 2 



< 4 > 

< 2 > 

< 1 > 




On the left side of the typical fiber we have five more singularities: two of them 
are tangency points and the rest are branch points. 
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J 








1 


< 1,2 > 


8 


A 4 < 1,2 > 


2 


< 2,3 > 


1 


4m < 2 > 


3 


< 3,4 > 


8 


A 4 < 3,4 > 


4 


< 2,3 > 


1 


4/ 2 < 2 > 


5 


< 1,2 > 


1 


4/ 4 < 1 > 





— ^12 


1 

• 


2 

• 


3 
• 


4 
» 


. 5 


6 
• 


y?(5 2 ) 


= ^2 3 Z ? 2 ( 


(•I 




\3 


4 
• 


. 5 


6 
• 




- 7 8 
— ^5 6 


1 
• 


2 
• 


3 
• 


4 
• 




6 

— • 


V?(<5 4 ) 


= ^4 5 Z| 6 


1 
• 


2 
• 


3 
• 


4 




•6 




= ^16 




3) 


• 3\ 


4 
• 




5' 



The group 7Ti(P 2 \C3) is then generated by 1, . . . , 6 and admits the following pre- 
sentation: 



[3,4] = e 
[2,4] = e 
[4 _1 34,5] = e 
[2,4- x 54] = e 

2 = 3 
4 = 5 

6 = 5434- 1 143~ 1 4" 1 5~ 1 
(12) 4 = (21) 4 

3 = 212121- 1 2~ 1 1~ 1 2- 1 
(56) 4 = (65) 4 

4 = QhQhQ- 1 ^ 1 ^ 1 
321212- 1 1- 1 2~ 1 3" 1 = 6565 _1 6 _1 
654321 = e (the projective relation). 
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We simplify the presentation by substituting everywhere 2 = 3 and 4 = 5: 

[2, 4] = e 
6 = 
(12) 4 



(21) 4 
2 = 12121 _1 2" 1 1 _1 
(46) 4 = (64) 4 
4 = 64646" 1 4^ 1 6" 1 
2 2 1212- 1 1- 1 2- 2 = 6464 _1 6 
64 2 2 2 1 = e (the projective relation), 



la-l 



and we are left with 

(25) 
(26) 
(27) 
(28) 
(29) 



[2, 4] = e 

6 = 4212~ 1 4~ 1 



(12) 2 = 
(46) 2 = 
64 2 2 2 1 



(21) 2 
(64) 2 
= e. 



We substitute relation fl2BJ in relations ([28]) and ([29]) and get (14) 2 = (41) 2 and 
(421) 2 = e respectively Hence, the group 7Ti(P 2 \C3) is 



(30) 



[a 2 ,a 3 ] = e 
(aia,) 2 = (ajai] 
(aia 2 ci3) 2 = e 



1,2 



where a 1; a2, CI3 are meridians of the three quadrics in Figure [TT] 

Let us consider now the arrangement C 4 (Figure [£2]). Following the figure, and 




FIGURE 12. The arrangement C 4 



applying the braid monodromy algorithm and the van Kampen Theorem, we get 
a presentation for 7Ti(P 2 \C4). The initial set of generators is 1, ... ,8. The four 
branch points on the right side of the typical fiber contribute the relations 

2 = 3, 4 = 5, 6 = 7 and 8 = 765434- 1 6~ 1 1643~ 1 4" 1 5~ 1 6~ 1 7~ 1 . 
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The twelve intersections on the right side of the typical fiber contribute commuta- 
tions which can be easily simplified to 

[2, 4] = [2, 5] = [2, 6] = [2, 7] = e, [3, 4] = [3, 5] = [3, 6] = [3, 7] = e, 
[4,6] = [4,7] = e, [5,6] = [5,7] = e. 

These relations enable us to simplify the relations, which we derive from the sin- 
gularities on the left side of the typical fiber. The relations which relate to the 
three tangency points are: 

(12) 4 = (21) 4 , (78) 4 = (87) 4 , (48) 4 = (84) 4 , 

since each tangency point is a unique common tangency between two quadrics. 
The four branch points contribute four relations, which can be simplified to the 
following forms: 

(12) 2 = (21) 2 , (78) 2 = (87) 2 , (48) 2 = (84) 2 , 212" 1 = 6" 1 4~ 1 846. 

The projective relation 87654321 = e is translated to 86 2 4 2 2 2 1 = e. 
We collect all the resulting relations, including the projective relation: 

(31) 8 = 64212- 1 4- 1 6~ 1 

(32) [2, 4] = [2, 6] = [4, 6] = e 

(33) (12) 2 = (21) 2 

(34) (68) 2 = (86) 2 

(35) (48) 2 = (84) 2 

(36) 86 2 4 2 2 2 1 = e. 

Now we substitute relation (13T|) in relations (I34"I) . (|35|) and (1361) . and get (16) 2 = 
(61) 2 , (14) 2 = (41) 2 and (6421) 2 = e, respectively. Finally we are able to present 
the group 7Ti(P 2 \C 4 ) as follows: 

[a 2 , a 3 ] = [a 2 , o 4 ] = [o 3 , a 4 ] = e 
(aiOj) 2 = (ajai) 2 , i — 2,3, 4 
(a^a^a^) 2 = e 

In order to get the group 7Ti(P 2 \C n ), we repeat the same procedure (using the 
Moishezon-Teicher algorithm, the van Kampen Theorem, and simple group sim- 
plification). We omit the lenghty computations and state the final result, that 
ni(F 2 \C n ) admits the presentation ((Sj). □ 

Proof of Corollary [TU; 

The same proof as in Corollaries [6] and El □ 
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